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IMAGINARY VERMA MODULES FOR U,(s[(2)) AND 
CRYSTAL-LIKE BASES 

BEN COX, VYACHESLAV FUTORNY, AND KAILASH C. MISRA 


Abstract. We consider imaginary Verma modules for quantum affine algebra 
f/q(sl(2)) and define a crystal-like base which we call an imaginary crystal basis 
using the Kashiwara algebra JCq constructed in earlier work of the authors. In 
particular, we prove the existence of imaginary like bases for a suitable category 
of reduced imaginary Verma modules for Uq(sl(2)). 


1. Introduction 

We consider imaginary Verma modules for quantum affine algebra C/g(s[(2)) and 
define a crystal-like base which we call an imaginary crystal basis using the Kashi¬ 
wara algebra ICq constructed in earlier work of the authors. In particular, we prove 
the existence of imaginary crystal-like bases for a suitable category of reduced imag¬ 
inary Verma modules for C/g(s[(2)). 

Consider the affine Lie algebra g = s[(2) with Cartan subalgebra t). Let {ao, ai} 
be the simple roots, S = ao + the null root and A the set of roots for g with 
respect to 1). Then we have a natural (standard) partition of A = A+ U A_ into set 
of positive and negative roots. Corresponding to this standard partition we have a 
standard Borel subalgebra from which we induce the standard Verma module. Let 
S = {ai + kS I k G Z}U{IS \ I G Z>o}. Then A = SL)—S is another closed partition 
of the root system A which is not Weyl group conjugate to the standard partition. 
The classification of closed partitions of the root system for affine Lie algebras 
was obtained by Jakobsen and Kac [JK85, JK89], and independently by Futorny 
[Fut90, Fut92]. In fact for affine Lie algebras there exists a finite number (> 2) 
of inequivalent Weyl group orbits of closed partitions. For the affine Lie algebra g 
the partition A = S' U — S is the only nonstandard closed partition which gives rise 
to a nonstandard Borel subalgebra. The Verma module M (A) with highest weight 
A induced by this nonstandard Borel subalgebra is called the imaginary Verma 
module for g. Unlike the standard Verma module, the imaginary Verma module 
M (A) contain both finite and infinite dimensional weight spaces. 

For generic g, consider the associated quantum affine algebra Uq(g) ([Dri85], 
[Jim85]). Lusztig [Lus88] proved that the integrable highest weight modules of g 
can be deformed to those over Uq (g) in such a way that the dimensions of the weight 
spaces are invariant under the deformation. Following the framework of [Lus88] and 
[Kan95], it was shown in ([CFKM97], [FGM98]) that the imaginary Verma modules 
M(A) can also be g-deformed to the quantum imaginary Verma modules Mg (A) in 
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such a way that the weight multiplicities, both finite and infinite-dimensional, are 
preserved. 

Lusztig [Lus90] from a geometric view point and Kashiwara [Kas91] from an 
algebraic view point introduced the notion of canonical bases (equivalently, global 
crystal bases) for standard Verma modules Vij(A) and integrable highest weight 
modules Lq{\). The crystal base ([Kas90, Kas91]) can be thought of as the q = Q 
limit of the global crystal base or canonical base. An important ingredient in 
the construction of crystal base by Kashiwara in [Kas91], is a subalgebra Bq of 
the quantum group which acts on the negative part of the quantum group by left 
multiplication. This subalgebra Bq, which we call the Kashiwara algebra, played 
an important role in the definition of the Kashiwara operators which defines the 
crystal base. In [CFMIO] we constructed an analog of Kashiwara algebra, denoted 
by Kq for the imaginary Verma module Mq{X) for the quantum affine algebra Uq(§) 
by introducing certain Kashiwara-type operators. Then we proved that a certain 
quotient J\f~ of Uq{Q) is a simple Vg-module and gave a necessary and sufficient 
condition for a particular quotient Mq{\) (called reduced imaginary Verma module) 
of Mq{\) to be simple. These results were generalized to any affine Lie algebra of 
ADE type in [CFM14]. 

In this paper we consider a category O^ed im C/g( 0 )-modules and define a 
crystal-like basis which we call imaginary crystal basis for modules in this cate¬ 
gory. We show that the reduced imaginary Verma modules Mq{X) are in 
Then we show that any module in is a direct sum of reduced imaginary 

Verma modules for CAj( 0 ). Finally we prove the existence of imaginary crystal basis 
for the reduced imaginary Verma module Mq{X). 

The paper is organized as follows. In Sections 2 we recall necessary definitions 
and properties about the algebra [/^(g) that we need. In Section 3 we recall the 
definitions and relations of Il-operators defined in [CFMIO]. In Section 4, we recall 
the definition of the Kashiwara algebra JCq and the symmetric bilinear form (, ) on 
the simple /Cg-module JV~ from [CFMIO] and show that this form satisfies certain 
orthonormality condition modulo and is non-degenerate. In Section 5 we recall 
the definitions and properties of imaginary Verma modules M (A) for the affine Lie 
algebra g and the reduced imaginary Verma modules MiX). In Section 6 we define 
the category Ored.im of g-modules and show that this category is a Serre category 
and any module in this category is a direct sum of some simple reduced imaginary 
Verma modules. In Section 7 we recall some basic results about quantized imaginary 
Verma modules and reduced quantized imaginary Verma modules for C/g(g). In 
Section 8 we define the category of C/q(g)-modules containing the reduced 

quantized imaginary modules Mq{X) and define Kashiwara type operators Cl,p{m) 
and on Mq{X). In Section 9 we define the imaginary crystal basis for any module 
M G Oped i,jj and prove the existence of an imaginary crystal basis for any reduced 
quantized Verma module Mg (A). 


2. Notation 

2.1. Let F denote a field of characteristic zero. The quantum group Uq{A^^'^) is 
the F(q^/^)-algebra with 1 generated by 
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with defining relations: 


DD-^ = D-^D = K,K-^ = K-^K, = 1 , 

e-/. _ / e- = 6 - 

K,e,K-^ = q^e,, = q-^fi, 

K,e,K-^ =q-\,, KJjK-^ = q^f,, i^j, 

K,Kj - KjK, = 0 , K,D - DK, = 0 , 

De,D-^ = q<°e,, Df,D-^ = h, 

efej - [Sje^e^ei + [Sjoiej-e^ - e^ef = 0, j, 

f!fj - [3]/f/,/. + - fjf! = 0, * ^ J, 


where, [n] = 

The quantum group Uq{A^^'^) can be given a Hopf algebra structure with a 
comultiplication given by 


A{K,)=K,^K,, 

A{D)=D®D, 

A(ei) = ti® K~^ + 1 (g) Ci, 
A(/j) = fi®l+ Ki® fi, 


and an antipode given by 


s{ei) = -e^K^ \ 

s (/0 = 

s{K,) = K-\ 
s{D)=D-\ 


There is an alternative realization for due to Drinfeld [Dri85], which we 

shall also need. Let Uq be the associative algebra with 1 over F(g^/^) generated by 
the elements [k hi (/ S Z \ { 0 }), and 7^5 with the following 
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defining relations; 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 
( 2 . 11 ) 

( 2 . 12 ) 


DD-^ = D-^D = KR-^ = R-^K = 1 , 

[ 7*5 =0 Vu €U, 

r. .1 . [2fc]7'=-7-'= 

[Ilk, III] = Ofc+i 0—;- 

k q — 

[hk,R]=0, [D,R]=0, 

DhkD-^ = q'^hk, 

Dx^D-'^ = Q^xf, 

Rx^R-^ = 


[hk,Xi ] = ±— 7 "^ " 




— q Xf. Xi^j^ , 


X+ , X; 1 = 


q-q 


— (1 ^ 'ip{k + l)—j 2 ^(fc_|_/)^ 


^ — k 


where ^ ip{k)z ^ = R exp [ (q — g ^) ^ hkZ 

k=0 \ k=l / 

00 / 00 

^ <(.(-fc)z'= = R-^ exp -(g - g'^) ^ h_kZ^ 


fc =0 


fc=l 


The algebras Uq[A^^'^) and Uq are isomorphic [Dri85]. The action of the isomor¬ 
phism, which we shall call the Drinfeld Isomorphism, on the generators of Uq{A^^'^) 
is given by: 


cqi-^x^R \ foi-^Rxti, 
ei'-tx)}', 

Ro^-fR-\ Ri^R, D^D. 


If one uses the formal sums 

(2.13) 4>{u) = ^ (t){p)u~P, iiiu) = ^ 'ip{p)u~P, x^{u) = ^ x^{p)u~P 

pel. pel pel. 

Drinfeld’s relations (3), (8)-(10) can be written as 

(2.14) [(/)(u), (/)(u)] = 0 = [i)(u), V'(u)] 

(2.15) (j){u)x^ {v)(j){u)~^ = g(uu“^ 7 ^^/^)^^x^(u) 

(2.16) 'il){u)x'^{v)'ijj{u)~^ = g(uu“^7^^'^^)^^x^(u) 

(2.17) {u — q^'^v)x'^{u)x'^{v) = {q^'^u — u)x^(u)x^(m) 

(2.18) [x'''(u),x“(u)] = (g — g“^)“^(5(u/u7)V’(u7^/^) — 6{u^ / 

where g{t) = gq{t) = X)fc>o5(^)^^' Taylor series at t = 0 of the function 

(g^t - l)/(t - g2) and <5(2) = 'Zkei. is the formal Dirac delta function. 
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Remark 2.1.1. Writing g{t) = gq{t) = J2r>o 


(2.19) g{r) = gq{r) = gq-i{r) 


if r = 0 

(l-g-'‘)g2(’'+l) = (g4_l)^2(r-l)^ -y ^ 


Considering Serre’s relation with k = I, we get 

(2.20) x-x-^^=q^x-^^x- 

The product on the right side is in the correct order for a basis element, li k + 1 > I 
and k I in (2.9), then fc -|- 1 > / + 1 so that k > I + 1, and thus we can write 

(2.21) xf Xfe+i = “ ^k^T+i + 

and then after repeating the above identity, we will eventually arrive at sums of 
terms that are in the correct order. This is the opposite ordering of monomials as 
we had previously. 


3. fl-OPERATORS AND THEIR RELATIONS 

Let denote the set of all functions from {k6\k G N*} to N with finite support. 
Then we can write 

h+ = := • hl \, h- := ■ ■ ■ h-r, 

for / = (sfe) G whereby /(r^) = Sk and f{t) = 0 ior t ^ ri,l < i < 1. 

Consider now the subalgebra , generated by and xf, I G Z. Note that 

the corresponding relations (9) hold in J\f~. Consider x~(v) = a 

formal power series of left multiplication operators a:“ : Af~ N ~. 

As in our previous paper we set 

P = x~{vi) ■ ■■x~{vk) 

Pi = x~ {vi) ■ ■ ■ x~ {vi-i)x~ {vi+i) ■ ■ ■ X~ {Vk), 

and 

(-1 (-1 

Gi = := Y[gq~i{vj/vi), G1 = Wgivi/vy) 

7=1 7=1 

where Gi := 1. As in our previous work we define a collection of operators 
fl^(fc), ^l^{k) : 7V"“ ^ TVq", fc G Z, in terms of the generating functions 

iGi. (ez 

by setting 

k 

(3.1) n^{u){P) : = t'" ^ GiPi6{u/va) 

1^1 

k 

(3.2) ^ 4 ,{u){P) : = 7™ 5] GlPi5{u-i/vi). 

1^1 

Note that il^(w)(l) = Q(p{u){l) = 0. More generally let us write 
P = x-{vi)---x-{vk) = Y^ xp---x-^vf^^ 

neZ ni,n2,...,Tn,ez 

ni + --- + nk = n 
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Then 

= EEE 

A:>0 pGZ rii GZ 

= EEE 

7ii GZ mGZ fc>0 

while 

[a;+(w),P]=E E 

mGZ ni ,712 ,...,nfc€Z 

Thus for a fixed m and fc-tuple (ni ,... ,nk) the sum 

- k){x-^ ■ ■ ■ x-J 

k>0 

must be finite. Hence 

(3.3) n^(m-fc)(a;“ =0, 

for k sufficiently large. 

Proposition 3.0.2. Then 

(3.4) {u)x~ (u) = (5 {vj/u) + 9,-1 {v"f/u)x~ (v)f7y, (u), 

(3.5) n(i,{u)x~{v) = S{u"f/v) + g{u'^ / v)x~ {v)Vt^{u) 

(3.6) {q^Ui - lt2)f7y,(Mi)r2^(w2) = (mi - q^U2)^i,{u2)Tl^{ui) 

(3.7) {q^ui - U 2 )Tt^{ui)Vt^{u 2 ) = {ui - q^U 2 )^ 4 >{u 2 )Tt^{ui) 

(3.8) [q^l^ui - U2)^,piui)il,^{u2) = il^ui - q^U2)Tt^{u2)Tt^{ui) 

The identities in Proposition 3.0.2 can be rewritten as 

(3.9) {q^v"f — u)ri^{u)x~ {v) = {q^v"f — u)5{v"f/u) + {q^v"f — u)x~ {v)ri^(u), 

(3.10) {q^v — uj)fl^(u)x~ (v) = (q^v — u'^)5(y/u'y) + (•(; — q^ U'y)x~ {v)Tltj,{u) 
which may be written out in terms of components as 

(3.11) 9 ^ 70 ,/,(m)a;“(n + 1) - n,/,(TO + l)a;” 

= {q^l - i)Sm-n-i + - q^x~Tl^{m + 1 ), 

(3.12) q^Tt^{m)x~ {n + 1) — ^VL^{m + l)x“(n) 

= {q^ - l)^m-n-i +x~{n + l)fl^(m) - q^^x~(n)Q.^{m + 1). 

We also have by (3.8) 

(3.13) fl^{k)fl^{m) = ^ 9 (r) 7 ^’Tl 0 (r + m)^^{k - r), 

r>0 

as operators on Af~. 

We can also write (3.4) in terms of components and as operators on J\f~ 

(3.14) fl^{k)x~{m) = 5k-ml^ + '^ 9 q-^{.'r)x~ (m + r)Q.^{k - r)^'^. 

r>0 

The sum on the right hand side turns into a finite sum when applied to an element 
in Afg , due to (3.3). 
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4. The Kashiwara algebra ICq 

The Kashiwara algebra ICq is defined to be the F(g^/^)-subalgebra of End(A/’g) 
generated by m,n £ Z, 7 =*=^/^. Then the 7 =*=^/^ are central and 

the following relations (which are implied by (3.14)) are satisfied 

(4.1) - VL^im + l)x~ 

= (g ^7 - l)5m-n-i + -fx~^-^VL^{m) - x~Cl^{m + 1 ) 

(4.2) q^Cl^ik + l)r2^(/) — d^(V)Cl^(k + 1) = + 1) — q^Cl^il + 

(4-3) xi Xfc+i - q^xl^^xi = - x^x^^^ 

together with 

.-yl/ 2 ^- 1/2 ^ ^ ^-l/ 2 ^ 1 / 2 _ 

Proposition 4.0.3. [CFMIO] There is a unique symmetric bilinear form ( , ) 
defined on Af~ satisfying 

(x“ a, b) = (a, n^{-m)b), ( 1 , 1 ) = 1 . 

For m = (mi,..., m„) set 

Xm = x^^ ■ ■ ■ x^^ 

and define the length of such a Poincare-Birkhoff-Witt basis element to be |m| = n. 

Proposition 4.0.4. For m = (mi,..., mn) £ Z", and k = (fci,..., fc;) £ 1}, if 
n > I, then 

(4.4) (Xm,Xk)=0. 

On the other hand if n = I with 

mi > m 2 > • • • > m„, fci >k 2 > ■ • ■ F kn, 

n n 

y^TUi = y^ki 

we have 

(4.5) (Xm,Xk) = <5m,k mod g^Z|g]. 
and the form is symmetric. 

Proof. The fact that the form is symmetric comes from Proposition 4.0.3 above. 
Suppose n > 1. Then 

(Xmi * ‘ * Xrrin j Xfci * * * X/^/ ) — {Xm2 ' ‘ ' Xrrin : Ct.ip ( Tn\)X}^^ ' ' ‘ X}^fj 

— ^irii .k\ iXm2 ' * * Xrrin ’ Xk2 * ' * Xkn ) 

+ '^9q-^{x){Xm2 ■■■Xm.n,Xkr+rCt^{-mi - r)xk2 ■‘■Xki)- 
r>0 

By the Serre relations (2.20) and (2.21) 

Xkr+rCl^{-mi - r)xk 2 • • • Xfc, 

is a sum of monomials of length I — 1 we can use induction to see that 

(Xm 2 • • • Xm„,Xkr+rCl,p{-mi - r)xk 2 ' ' 'Xfci) = 0. 
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Hence {xm^ ■ ■ ■ Xm„ ,Xk^ - ■ ■ Xki) = 0. 

Now suppose n = 1. For n = 1 we have 

{xm,Xk) = = Sm,k 


by (3.14). 

For n = 2 we have by (3.14) for mi > m 2 , ki > k 2 and mi + m 2 = fei + ^2 

{Xm\Xjyi2i XkyXk2) (^m25^V'( 

— ,fci (^m2 7 ^/C2 ) ^ ^ ^ 9q~^ (^) (.Xm2 7 Xki ( mi T^Xk^) 

r>0 

— ^m.k 4“ ^ ^ (^) (^7712 7 ^fci+r)^mi+r,fc2 

r>0 

— ^m.k 4“ ^ ^ j7q~^ (^)^m2 ,fci+r^mi+r,fc2 

r>0 

~ ^m.k 4” H{k2 (^2 ’^l)^ra2—k\,k2—m\ 


where H is the Heaviside function given by i?(n) = 1 if n > 0 and H(n) = 0 
otherwise. Interchanging (mi, m 2 ) ■<-> (ki,k 2 ) in the above calculation we see that 
the {xmiXm^iXk^Xk^) = [xi^Xk^ 7 XmiXm^) ■ Now if fc 2 “ ^1 ^ 1, then it is clear 
from (2.19), that (xmiXm 2 7XkiXk2) G i^m.k 4- ( 7 ^Z|g]. If k 2 — mi = 1, then the 
second summand above is nonzero if and only if m 2 — ki = \. But then 

mi > m 2 = ki -\-1 > ki > k2 = mi + 1 

which is impossible. Hence for n = 2, we have (4.5). 

Assume that (4.5) holds up to Poincare-Birkhoff-Witt monomials of length n —1. 
Let us first prove by induction that for all I < i < n — 1 and any p G N, 

(4-6) {x:;^^---x:;^^,x-^x-^ ■ ■ ■ x-.Vt^{-mi -p)x-.^^ ■■■x-J & Z|gl, 

(4-7) (a:;;, •••a:r„) e Z[g], 

for any s = (s 2 , ■ ■ •, Sn) € Z (so that a;“ ■ • • x~^ is not necessarily a PBW monomial). 
We say that ( 52 , ■ • ■, Sn) has k ascending inversions if the number of pairs of indices 
{i,l) with i < j and Si < Sj is k. Recall the Serre relations (2.20) and (2.21). 
Suppose there is an ascending inversion at the pair of indices (i,i 4- 1) with Si = k 
and Si+i = fc 4- 1, then 
(4.8)_ 

{Xm2---Xm„7X,2---Xs^X,.^^ ■ ' ■ X = q^{x^^ ■■■X^^,X,^ ■■'Xs^^^X,. ■■■X,J. 

Then we have decreased the number of ascending inversions and by induction on 
the number of inversion on products of length n — 1 we conclude 

(®m2 e Z|g]. 
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Suppose there is an ascending inversion at the pair of indices (i,i + 1) with Si = I 
and Si-i-i = fc -|- 1 with I < k, then 


^77l„ I ^S2 ■ 

.* 1 

1 

+ 

= ^2 •• 

' ^mn ’ ^S2 

■ H+i ■ ■ 




= 

^m-n, 1 ^S2 

■■■xl+^xY 




- (a;m2 ■ • ■ 

' ^m-n 5 ^S2 





+ 

^rrin ? ^S2 

• • • 



Observe that the number of ascending inversions in the first two summands has 
decreased by one and the last summand can also be rewritten as a sum of terms 
that have a decrease in the number of ascending inversions. By induction on the 
number of inversion on products of length n — 1 we again conclude 


(4-9) •••*«„) S ZM- 

For the first statement (4.6) we begin at i = n — 1. By (3.14) and (4.9) this is 

(4.10) (a:“^ - p)x-J 

= ■ • -X” „J £ Z|g]. 

Suppose (4.6) is true for i -|- 1 < n — 1. Then 


(a(m2 • • ■ ■ ■ ■ x,^n^{-mi - ■■■XsJ 

= 6mi+t,Si+i {x^^ ■ ■ ■ X^^ , Xg^Xg^ ■ ■ ■ Xg^Xg^^^ ■ ■ ■ 

r>0 


— <^mi+t,Si+i {Xm^. ' ■ ' ) ^si^S2 ’ ' ' ^Si^Si+2 ' ' ' ^Sr.) 

+ ffij-l (l)^mi+i + l,Si + 2 (^7712 ■ ' ■ ^777„ J ^Sl ^S2 ' ' ' ^Sj + i +1 ^Si+3 ' ' ’ ^S,^ 

= 0 mod Z|( 7 ]. 


mod 


Hence (4.6) is proved. 

Now we want to prove a refined special case of (4.6): For any 1 < i < n — 1 and 
t £ Z>o one has 

(4.11) 

ix;a^ ■ ■ ■ - t)x^, ■ ■ ■ X^J 

= 5m,+tM ■ ■ ■ a:fe,_5+ia;fe,_^5 ''' KJ “od q'^Zlqj. 

Here we assume ki > k 2 > ■ ■ ■ > kn- For i = n — 1 this is just (4.10). Now for any 
t > 0 we assume that (4.11) is true for i + 1 < n — 1. Then by (4.6) and induction 
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we have 


^mi+t,ki{Xyyi^ 

* ^rrin -> 

^fci+l2^A72 + l ■ ■ ■ ^/Ci_l+l^fei+i ■ 



m 2 


k.+r^^|,{-ml - t - r)xf^^^ ■■■Xfj 

r>0 




= dmi+t,ki {Xyn^ • • 


^fci+l^fe2+l ■ ' ■ ^fei-l+l^fci + 1 ■ 

■ ) 

+ g,-i(l)(a;“^ • 


^fcl+l^fe2 + l ■ ■ ■ ^fei_l+l^fci+l 

H^(-mi — t — ■ ■ -xf^) mod q^1\q\ 

= Smi+t,ki {Xyyi.^ ■ • 

* ^TTln ’ 

^fcl+l2^fe2+l ■ ■ ■ ^fei_i+l^fci+i ■ 


T ffq"! (l)^mi+i+l,fcii.] 

L (^m2 ■ ■ ■ ^fci+l^fe2 + l 


— 5mi-\-t,ki {Xyyy^ 


^fci + l^fc2 + l ■ ■ ■ ^fei_i+l^fei+i ■ 

-■^kj 


(l)^mi+t+l,fci_(.i '^ 7712 ,fci + l ■ * ■ ^mi_j_i ,A:i + l^771^4-2,^^4-2 * ' ' ^mn,kn mod Q ■ 


where we used the fact that all monomials appearing are of PBW type with weakly 
decreasing indices. But the second summand in the last congruence above is nonzero 
only if 

nil > TTii+i = ki + 1 > ki > fci+i = nil + f + 1 

which is impossible for t > 0. Hence the second summand is zero modulo 
mod q'^Zlqj. This completes the proof of (4.11). 

Now we show the induction step to complete the proof of the proposition; 

{^mi ‘ ' ‘ ^rrin ; ‘ — (^m 2 ’ * * ^rrin 7 ( Ull )^fci * * ' ) 

— ^mi ,fci (^m2 ' ' * ^rriji 7 ^^2 ' ' * ) ~b ^ ^ 9 q~^ (^) (^m2 ' * * ^nin 7 ( Till T')Xk'2 ' ' ‘ ) 

r>0 

= < 5 m,k + 5g-i(l)(3:m2 ’'' 7 +1^^(-mi - l)xk2 ''' ^k^) Hiod g^Z|g] 

= ^m,k T 9q~^ (^)^? 7 li+l,fc 2 (^'7712 * ‘ ' ^rtln 7 ^k\+l^k^ * ‘ ' ^kn ) mod q ^IqJ 
= ^m,k “b 9q~^ (^)^7ni + l,fc 2 ^^ 2 ,A;i + l^m 3 ,/c 3 ‘ ' ’ ^mn,kn mod q ^|qJ 

where we used (4.6) in the third line and (4.11) in the fourth line. The second 
summand in the last congruence is nonzero if and only if mi + 1 = /C 27 W 2 = 

/ci + 1, m 3 = fcs,... m„ = kn- But this means that 

mi > m 2 = fcl + 1 > fcl > ^2 = TTll + 1 

which is a contradiction. This completes the proof of the proposition. 

□ 

Corollary 4.0.5. The form {,) is non-degenerate. 

Proof. Suppose u G Af~, with (u, u) = 0 for all v G J\f~ and say u = • • ■ a;m„ 7 

then in particular this holds for any v = Xk^ • ■ ■ Xk„. Hence 

0 (^7 Xki * ‘ ' Xkj^ ) ^ ( ^m(a;mi ' * * , Xky ' * * Xk^^ ) 


Thus Ok = 0 for all k. 


□ 
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5. Imaginary Verma Modules for 

We begin by recalling some basic facts and constructions for the affine Kac- 
Moody algebra and its imaginary Verma modules. See [Kac90] for Kac-Moody 
algebra terminology and standard notations. 


5.1. The algebra a\^^ is the affine Kac-Moody algebra over held F with generalized 


Cartan matrix A = (aij)o<ij<i = 


2 -2 
-2 2 


. The algebra has a Chevalley- 


Serre presentation with generators Cq, ei, /o, /i, ho, hi, d and relations 


[hj,hj] = 0, [hi,d]=0, 

/j ] = hi, 

[hi, Cj] = dijCj^ [hi,/i] = 

[d, Bj] = SojCj, [d-ifj] = 

(ad e^)^ej = (ad =0, i j. 

Alternatively, we may realize through the loop algebra construction 

a[^'' = sh 0 F[h 0 Fc © Fd 

with Lie bracket relations 


[a; 0 r, y 0 f^] = [a;, y] 0 + n6n+mfi{x, y)c, 

[x 0 t", c] = 0 = [d, c], [d, a; 0 t"] = na; 0 t”, 

for x,y € sh, n,m G Z, where ( , ) denotes the Killing form on sh- For x G sh 
and n G Z, we write x{n) for a: 0 t”. 

Let A denote the root system of a\^\ and let {aojQfi} be a basis for A. Let 
6 = ao + ai, the minimal imaginary root. Then 

A = {±q;i + nd I n G Z} U {k6 | fc G Z \ {0}}. 


5.2. The universal enveloping algebra U{A^^^) of A^^^ is the associative algebra 
over F with 1 generated by the elements hg, hi, d, eg, ei, /o, /i with dehning relations 

[ho, hi] = [ho, d] = [hi, d] = 0, 

hiCj Gjhi — dijCj^ d-ifj fjhi — dijfjj 

dcj ^jd dfj fjd 

~ fj^i = dy hi, 

Cj-Ci — SeiCjef + SefejCi — e^Cj = 0 for i ^ j, 
fjf! - 3/./i7f + 3/f/i/. - f!fj = 0 for * ^ j. 

Corresponding to the loop algebra formulation of A^^^ is an alternative description 
of U{A^i'^) as the associative algebra over F with 1 generated by the elements 
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e{k),f{k) {k G Z), h{l) {I gZ \ {0}), c, d, h, with relations 

[c,u] = 0 for all u G 
[h{k),h{l)] = 2kSk+i,oc, 

[h, d] = 0, [h, h(k)] = 0, 

[d, h{l)] = lh{l), [d, e{k)] = ke{k), [d, f{k)] = kfik), 

[Ke{k)] = 2e{k), [h,/(fc)] = -2/(fc), 

[/i(fc), e(0] = 2e(fc + 0, [h{k)J{l)] = -2f{k + 1), 

[e{k), f{l)] = h{k + l) + kSk+ifiC- 

5.3. A subset S of the root system A is called dosed if a,/3 G S' and a + /3 G A 
implies a + /? G S. The subset S is called a dosed partition of the roots if S is 
closed, S n (-S) = 0, and S U -S = A [JK85],[JK89],[Fut90],[Fut92]. The set 

S={ai + kS\k€Z}U{lS\l€ Z>o} 

is a closed partition of A and is IT x {±l}-inequivalent to the standard partition 
of the root system into positive and negative roots [Fut94]. 

For g = let g^^ = X]aGS0±“- algebra formulation of g, we 

have that gf^^ is the subalgebra generated by e{k) {k G Z) and h{l) (/ G Z>o) and 
g_ is the subalgebra generated by f{k) {k G Z) and h{—l) {I G Z>o). Since S is a 
partition of the root system, the algebra has a direct sum decomposition 

g = gl' © [) ©gV • 

Let U (g^^) be the universal enveloping algebra of g^^. Then, by the PBW theorem, 
we have 

where C/(g^^) is generated by e{k) {k G Z), h{l) {I G Z>o), C/(g^^) is generated by 
f{k) {k G Z), h{—l) {I G Z>o) and 17(f)), the universal enveloping algebra of f), is 
generated by h, c and d. 

Let A G P, the weight lattice of g = A 17(g)-module V is called a weight 
module \iV = ©pgpV)j, where 

= {v € V \ h ■ V = p,{h)v, c ■ V = p.{c)v, d ■ v = p.{d)v}. 

Any submodule of a weight module is a weight module. A C/(g)-module V is called 
an S-highest weight module with highest weight A if there is a non-zero vx € V such 
that (i) • vx = 0 for all u'^ € U (g^^) \ F*, (ii) h ■ vx = X{h)vx, c • vx = X{c)vx, 

d-vx= X{d)vx, (iii) V = 17(g) ■ vx = 17(g_ 0 • vx- An 5'-highest weight module is a 
weight module. 

For A G P, let 7s(A) denote the ideal of U(A^P) generated by e{k) (fc G Z), h(l) 
(I > 0), h — X(h)l, c — A(c)l, d — X{d)l. Then we define M(X) = U(A\^'^)/Is(X) to 
be the imaginary Verma module of A^^ with highest weight A. Imaginary Verma 
modules have many structural features similar to those of standard Verma mod¬ 
ules, with the exception of the infinite-dimensional weight spaces. Their properties 
were investigated in [Fut94], from which we recall the following proposition [Fut94, 
Proposition 1, Theorem 1]. 
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(S) 

Proposition 5.3.1. (i) M{\) is a U{g_ ')-free module of rank 1 generated by the 
S-highest weight vector 1 (8> 1 o/ weight X. 

(ii) dimM(A)A = 1; 0 < dimM(A)A_fc 5 < oo for any integer k > 0; if fv ^ X — k6 
for any integer k >0 and M{X)^ 0, then dimM(A)^ = oo. 

(Hi) Let V he a -module generated by some S-highest weight vector v of 

weight X. Then there exists a unique surjective homomorphism ip : M{X) —>■ V such 
that ip(\ 0l) = V. 

(iv) M{X) has a unique maximal submodule. 

(v) Let X,pL G P. Any non-zero element of Homjj^j^(i).^[M{X),M{pL)) is injective. 

(vi) M{X) is irreducible if and only if X{c) ^0. □ 

Suppose now that A(c) = 0. Consider an ideal J(A) of generated by 

/s(A) and h{l) for all 1. Set 

M(A) = t/(AiW)/J(A). 

Then M (A) is a homomorphic image of M (A) which we call the reduced imaginary 
Verma module. The module M (A) has a A-gradation: 

M(A) = ^M(A)5. 

CeA 


6. The category Ored.im 


Let G be the Heisenberg subalgebra, G = Efeez\{o} ^ 

nonzero g-module V is G-compatible if 

i) . V has a decomposition V = TF{V)®T{V) into a sum of nonzero G-submodules 

such that 

ii) . G is bijective on TF{V) (that is, any nonzero element g € G is a bijection on 

TF(V)) and TF{V) has no nonzero g-submodule, 
hi). G-T(H) =0. 

Consider the set 


Ked :={AGnA(c) = 0,A(h)^Z>o}. 


As usual let 



The category Gred,im has as objects g-modules M such that 
( 1 ) 


M = Mv, where = {m G M \ hm = v{h)m}. 

’^^Ked 

Note dim Ml, may be infinite dimensional. 

(2) e„ = e ® t" acts locally nilpotently for any n &1. 

(3) M is G-compatible. 

The morphisms in the category are g-module homomorphisms. For example direct 
sums of reduced imaginary Verma modules M(A) are in the category Gred.im- In 
this case TF{M{X)) = ®k&,n&>oM{X)\-na+kS and T{M{X)) = M{X)x ^ F. 

A loop module for g is any representation of the form M := M ^ F[t, t~^] where 
M is a highest weight module for s[(2,F) and 

{x (8> t^){m ®t^) := X ■ c{m (g) t*) = 0. 
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Here x ■ m is the action of x € s((2, F) on m € M. 

Proposition 6.0.2. (1) The loop modules M with M in the category O for 

sl(2,F) are not in Ored.im- 
(2) Por A, /I G one has Ext^{M {X), M {p.)) = 0. 

Proof. Suppose M is a loop module with M G O for s[(2,F). Then M satisfies 
condition (1) and (2) from above. Assume M = TF{M) ®T{M) satisfies (i)- (hi) 
above. Now take any ® G T{M) with G for some weight p. 

Then by (iii) we have 

Q = h®f ■ ( ^ mi (g) f* j = X{h) ( ^ mi (8> j 

\i— — k / \i— — k / 

so that \{h) = 0 which contradicts A G Then T{M) = 0 and M = TF{M) 
which is a g-module contradicting (i) and (ii) and thus (3). 

For (2) we need to show that there are no nontrivial extensions between reduced 
imaginary Verma modules M(A) and M{p). li p = X + k5 for some integer k then 
any extension of M (A) by itself has a two dimensional highest weight space of weight 
A. Any highest weight vector in this space generates an irreducible submodule and 
thus the extension splits as a direct sum of two submodules each isomorphic to 

Mix). 

Indeed suppose now p = X + kS — sa for some integers k and s > 0. Consider a 
short exact sequence 

(6.1) 0 -^ M(A) —^ M —^ M{p) -^ 0, 

where we view t as just the inclusion map. For any preimage weight vector of 
a highest weight (w.r.t. s[(2,F)) vector in M{p) one has G M(A). On 
the other hand Gv^ = 0. Suppose 0 ^ v = hmUfj,- Then hmV)i = h^v' for some 
v' G M(A) (one cannot have hmVfi = avx, a G F as otherwise p + mS = X and 
s = 0). Then hn{v' — v^) = 0 and so v' — v^ G T{M) = Fua which is a contradiction 
to the fact ^ M(A). 

Recall that cq acts locally nilpotently on v^. Moreover, e^v^ 7 ^ 0 if t < s, 
otherwise would generate a submodule in M(A) which is a contradiction. 

So, CqV^ = 0 if = 0 and eQ~^v^ = 0 if /c 7 ^ 0. Without loss of generality we 
assume the latter. Suppose s > 1. Consider an s[(2)-subalgebra a generated by eo 
and /q and an a-module generated by . This module is a non trivial extension of 
two Verma modules over a with highest weights X -\- k5 — a and X + k6 — sa. But 
this is impossible (e.g. these modules have different central characters). Suppose 
now s = 1. Then apply the same argument to an sl(2)-subalgebra generated by 
Cfc and /fe. Assuming ekVp, 7 ^ 0 we obtain a contradiction as above. Therefore, 
M = Mix) © M(/i) completing the proof. 

□ 

Proposition 6.0.3. If M € Ored.im is a simple object, then M ~ M(A) for some 

^ S Ked- 

Proof. Consider any simple M G Gred,im- Let v G r(M) be a nonzero element of 
some weight A £ Ked- Then Gv = 0 and Cq v = 0 for some positive integer N. 
Choose N to be the least possible with such property. If TV = 1 then CnV = 0 for 
all integers n and hence M is a quotient of the reduced imaginary Verma module 
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M{X) with highest weight A. Since A € then M(A) is simple and thus M ~ 
M(\). Assume now that N > 1 and set w = eQ~^v. Then cquu = 0. We have 
0 = hksSQV = 2NekeQ~^v = 2NekW for all integers k. Therefore M is a quotient 
of the loop module induced from U{G)w (with ekU{G)w = 0 for all integers k). 
If ic G T{M) then we are done. Suppose w ^ T{M) so 0 ^ w G TF{M) may be 
assumed to be a weight vector of weight fi. Then W = U{G)w is a G -submodule 
of TF{M). Consider the induced module I{W) = where iV+ = 

0„gzFe„ acts by zero on W, H = Fh -|- Fd acts by hw = fi{h)w and dw = fi{d)w. 
Since U{G)w C TF{M) then it is easy to see that TF{I{W)) = liW). Hence the 
same holds for any of its quotients by the Short Five Lemma, i.e. TF{M) = M 
which is a contradiction. Therefore w G T{M) which completes the proof. □ 

Theorem 6.0.4. If M G Ored,im is any object then M = i G I for 

some weights Xi’s. 

Proof. Consider the subspace T{M). Since the weights of M are in T{M) is 
not a g-submodule. Let w G T{M) be a nonzero element, W = U{G)w C T{M). 
Arguing as in the proof of Proposition 6.0.3 we find a nonzero element w' G M such 
that Ckw' = 0 for all integers k. If U{G)w' ^ Cw' then w' G TF(M) which is a 
contradiction. Hence w' generates a submodule isomorphic to a reduced imaginary 
Verma module containing W. Thus each nonzero element of T{M) generates M{X) 
for some A. □ 

Corollary 6.0.5. The category Ored,im is closed under taking subquotients and 
direct sums so it is a Serre category. 

7. Quantized Imaginary Verma modules 

Let A denotes the weight lattice of g = \ A G A. Denote by F{X) the ideal 

of Uq = Uq{Q) generated by a;+(fc), fc G Z, a(/), I > 0, 

and The imaginary Verma module with highest weight A is defined 

to be ([CFKM97]) 

Mq{X) = U/F{X). 

Theorem 7.0.6 ([CFKM97], Theorem 3.6). The imaginary Verma module Mq{X) 
is simple if and only if X(c) ^ 0. 

Suppose now that A(c) = 0. Then acts on Mq{X) by 1. Consider the ideal 
J'J(A) oi Uq generated hy F{X) and a{l) for all /. Denote 

Mq{X) = Uq/J^iX). 

Then Mq{X) is a homomorphic image of Mq{X) which we call the reduced quantized 
imaginary Verma module. The module Mq{X) has a A-gradation: 

M,(A) = ^M,(A)5. 

Cga 

Theorem 7.0.7 ([CFMIO]). Let X G A be such that A(c) = 0. Then module Mq{X) 
is simple if and only if Xih) ^ 0. 
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8. The category Ored,im 

Consider the set 

Ked :={Ae(i*|A(c)=0,A(/i)^0}. 

The category O^ed im objects [/^(gj-modules M such that there exists Xi € 

Ked^ * e 

M^ 0 M,(A,). 

iei 

The morphisms in the category are just ?7q(g)-module homomorphisms. Since 
Mq{X) is a quantization of M(A) in the sense of Lusztig, modules in are 

quantizations of modules in Ored.im- So equivalently the category can be 

defined as follows: 

Let Gq be the quantized Heisenberg subalgebra generated hy hk,k £ Z\ {0} and 
7 - We say that a nonzero [/^(gj-module V is Gq-compatible if 

i) . V has a decomposition V = TF{V) 0 T{V) into a sum of nonzero Gq- 

submodules such that 

ii) . Gq is bijective on TF(V) (that any nonzero element g G Gq is a, bijection on 

TF{V)) and TF{V) has no nonzero [/^(gj-submodule, 
hi). Gq-T{V)=0. 

The category has as objects 17g(g)-modules M such that 

( 1 ) 

M = where Mi, = {m € M \ Km = Dm = q’'^‘^^m}, 

( 2 ) a;+, n S Z act locally nilpotently, 

(3) M is Gg-compatible. 

IfM G we can write M = ©jMg(Ai) with Mg(Ai) = 

We define Qij;{m) and i“ on each Mq{Xi) as in (3.1): 

(8.1) fi^(m)(x“ ■■■x-^vxi) ■■= H^(m)(a;“ ■■■x-Jvx, 

( 8 - 2 ) x;;(a:“ ■ ■ ■ x~^vxi) := vx, ■ 

Hence the following result follows. 

Theorem 8.0.8. The operators VLij,{m) and a;“ are well defined on objects in the 
category G^edim- Moreover on each summand Mq[Xi) = J\f~ they agree with the 
Tlijjijn) respectively left multiplication by xj^ defined as in (3.1). 

9. Imaginary A-lattices and imaginary crystal basis 

Let Aq (resp. Aoo) to be the ring of rational functions in q^/"^ with coeffi¬ 
cients in a field F of characteristic zero, regular at 0 (resp. at oo). Let A = 
q~^/'^, rV; IT- > l]i and P = {—ka + m5 I fc > 0, m G Z} U {0}. Let M be a 

l^J Q 

Gg( 0 )-module in the category. We call a free Ao-submodule £ of M an imaginary 
crystal Aq- lattice of M if the following hold 

(i). ¥{q^/^)^AoC^M, 

(ii) . C = ©aepTa and £a = £ n Mx, 

(iii) . ^.^{m)C C £ and xf^^ ^ ^ all to G Z. 
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We now show that the above definition is not vacuous. Let A G ()* and define 

^ 

k>0 

and also operators 0^(m) : Mq{X) Mq{X) and i“ : Mq{X) Mq{X) where i“ is 
the left multiplication operator by a;“ and Q.^{m)(x~^ ■ ■ • x~^v\) := • • • a:“ )?;> 

for ii > ■ ■ ■ > ik- 

For /I = A — fca + toA, 

Now observe (i) is satisfied for C = £{X) as well as 

(1) for £(A)^ := £(A) n Mq{X)^ one has £(A) = and 

( 2 ) 

i“£(A) C £(A), and 0^(m)£(A) C C{X) 

where first statement follows from ( 2 . 20 ) and ( 2 . 21 ) and the last statement 
follows from (2.20), (2.21), (3.14) and the fact that gq(r) S A for r S Z 
by (2.19). Thus /1(A) is an imaginary crystal lattice. 

Proposition 9.0.9. 

C{X) = {u e Mq{X) I (u, Mq{X)) C Ao} 

// F = Q, then 

jC{X) = |m € Mq{X) I {u,u) e Aoj 

Proof. Let R denote the right hand side of the above equality. We have 
the inclusion C{X) C i? by Proposition 4.0.4. For the other inclusion let 
u € R and by clearing denominators we can find a smallest n > 0 such that 
£ /1(A). If n > 1 then 

Mq{X)) = 0 mod g”/^Ao. 

By Proposition 4.0.4 ( , ) is non-degenerate modulo q^jC{X), we must have 
= 0 mod q^L(X). Hence G /1(A) which contradicts the 

minimality of n. Thus u £ /1(A). □ 

For A £ f)* define 

B{X) := + q£{X) £ C{X)/qC{X) \ ii > ■ ■ ■ >ik} ■ 

An imaginary crystal basis of a CAj( 0 )-module M in the category is a pair 

iC,B) satisfying 

(i) . C is an imaginary crystal lattice of M, 

(ii) . B is an F-basis of C/qC = F ( 8 >^q £, 

(in). B = U^epS^, where = S n {Cij.lqC^), 

(iv) . H C ±S U {0} and C ±B U {0}, 

(v) . For m £ Z, if H^(—m )6 ^ 0 and 7 / 0 for 6 £ H, then = 
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Theorem 9.0.10. For A G ^redim’ imaginary crystal 

basis of the reduced imaginary Verma module Mq(\). 

Proof. Conditions (i)-(ii) are clear. For (iii) consider b = • • ■ x~^vx + qC{X) with 

*1 > *2 > • • ■ > If m > ii, then 

xfrJd = x~x~ ■ ■ ■ x~vx + g£(A) G B. 

If m = ii — 1, then by (2.20) we have 

x~b = q^x~x~ ■ ■ ■ x~vx + q£{X) = 0 mod q£{X). 

If m < ii — 1, {I = m and fe + 1 = *i so fc = ii — 1) then by (2.21) we have 

(9-1) S:-b = • • • i“i;A + g£(A) 

and — I > m + I. By induction this is either 0 mod qC{X) if ij = m + j for some 
j or in ±B. To sum it up we have 

(9.2) 



imX^^ ■ ■ ■ x^^vx + qC{X) 


if m > ii 


0 


if TO + j = ij 

for some 1 < j < /, 

• ■■xfr,+j-iX~ ■ 

■■Xi^vxFqC{X) 

if TO + j > ij 

but TO + j — 1 < ij-i 



for some 1 < 

VI 

0 


if TO + j = ij 

for some 1 < j < ^ 


■■x~vx + qC{X) 

if m + j ^ ij. 



Next we have 
(9.3) 


■■■x^,vx = ■ ■ ■ Xi.vx +'^gq-i{r)Xi^+^n^{k - r)S;^^ ■■■i.^vx 

r>0 

= 4,-21^22 * * - 1)4“ • "X~vx mod qC{\) 

i 

= 6k,-^,Xi, ■ --x-vx - ■ ■■iy_,+ix~^, ■ ■■xfyx 

i=2 


I 

= J2^-y^~^Sk-j+i,-i^x-+iX-+i ■ ■ mod qC{X) 

i=i 


Observe that each summand on the right is ordered so that it is in ±S U {0}. The 
only way in which the whole summation is not in ±S U {0} is if there are at least 
two indices r < s such that v = —k + r — 1 and ig = —k + s — I. But v ^ *s which 
is a contradiction. 

Condition (v) is satisfied by (3.14). Indeed we begin by induction. Now if 
b = x~^vx + qC{X), then we have 


0^(fc)x^6 = 5k-mb + ^ g,-i(r)i^_,_^0^(A: - r)x^^vx 

r>0 

= 5k -mb - i“_,.if2^(A: - l)x~vx 
— 5k^—mb Sk—l.—iiXm+l'^^' 


mod qC{X) 
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Thus if fc = —m and k — 1 = —ii, then ii = m + 1 which is a contradiction to the 
assumption Xmb ^ 0. Hence Vt^{—m)x^b = b. 

Now assuming Cl^{—m)x~^vx = fl^{—m)b 0 by (9.3) we have 

Cl^{-m)x~vx = Sm,iiVx mod qC{X) 

and we must have m = ii. Thus x^fl^{—m)x~^vx = x^vx = b. 

Next take 6 = i” • • • i” i/a with ii > i 2 > ■ ■ ■ > ik and if 5 ^ 0, then ij ^ m+j 
for all 1 < j < Z by (9.2) and we first consider the case m> ii: 

n^{-m)i:;^b = H,/,(-m)i“i“ • • -i'l/A 

= - i“+iH^(-TO - l)x~ ■ ■ • x~vx 

If Cl^{—m — l)b 7 ^ 0, then by (9.3) m+j = ij for some 1 < j < Z but this contradicts 
Z) 7 ^ 0. Hence 

= b 

for m > ii- 

On the other hand assuming n^(—m)b 7 ^ 0, by (9.3) m + j — 1 = ij for some 
1 < j < Z, so that 

H^(-to) 6 = ■■■x~v\ mod qC{X) 

we have by (9.2) 

i“H^(-m )6 = • --x^vx mod qCiX) 

= S-m-j+i.-ijX-x- ■ ■■x-_^i-^^_^x-^^ ■ --x-vx mod qC{X) 

= b. 

Finally if 6 7 ^ 0, by (9.2) m + j 7 ^ ij and 

xjnb = {-iy~^x~-ix~-i ■ ■ • ■■xyvx + qC{X) 

so that by (9.3) 

H^(-m)i“Z/ = (-l)^"^H^(-m)i“_^i“_^ • ■ • --x-vx + qC{X) 

= + q^x) 

= b. 


□ 
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